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HIGHER DIFFERENTIAL OBJECTS IN ADDITIVE CATEGORIES
XI TANG AND ZHAOYONG HUANG
Abstract. Given an additive category C and an integer n > 2. We form
a new additive category C[ǫ]n consisting of objects X in C equipped with an
endomorphism ǫX satisfying ǫ
n
X
= 0. First, using the descriptions of projective
and injective objects in C[ǫ]n, we not only establish a connection between
Gorenstein flat modules over a ring R and R[t]/(tn), but also prove that an
Artinian algebra R satisfies some homological conjectures if and only if so
does R[t]/(tn). Then we show that the corresponding homotopy category
K(C[ǫ]n) is a triangulated category when C is an idempotent complete exact
category. Moreover, under some conditions for an abelian category A, the
natural quotient functor Q from K(A[ǫ]n) to the derived category D(A[ǫ]n)
produces a recollement of triangulated categories. Finally, we prove that if A
is an Ab4-category with a compact projective generator, then D(A[ǫ]n) is a
compactly generated triangulated category.
1. Introduction
Let R be an arbitrary associative ring with unit. A differential R-module is an R-
module M equipped with a square-zero endomorphism ǫ, called the differentiation
of M . To be precise, differential modules are exactly modules over the ring of
dual numbers over R, that is, the ring R[ǫ] := R[t]/(t2) (the factor ring of the
polynomial ring R[t] in one variable tmodulo the ideal generated by t2). Differential
modules introduced in the monograph of Cartan and Eilenberg [15] are ubiquitous
in homological algebra, and were employed as a means to provide a convenient
framework for a unified treatment of some problems from ring theory and topology
in work by Avramov, Buchweitz and Iyengar [7]. There are a lot of recent work
on differential modules, see [36, 38, 39, 40, 42, 44] and so on. In particular, Xu,
Yang and Yao [44] introduced n-th differential modules with n > 2 such that 2-nd
differential modules are exactly classical differential modules, and they proved that
an n-differential module is Gorenstein projective (resp. injective) if and only if its
underlying module is Gorenstein projective (resp. injective). It generalized a result
about differential modules by Wei [42].
Given an additive category C. Stai [38] introduced a new additive category C[ǫ]
in the following way: An object in C[ǫ] is a pair (A, ǫA) such that A ∈ C and
ǫA ∈ EndC(A) has the property ǫA
2 = 0; and a morphism f ∈ HomC[ǫ](A,B) is
what one might expect, namely a morphism f ∈ HomC(A,B) satisfying ǫBf = fǫA.
It is easily seen that objects in C[ǫ] generalize differential modules. Inspired by the
above facts, as a higher analogue of C[ǫ], we will introduce and study an additive
category C[ǫ]n with n > 2, such that objects in C[ǫ]n are a common generalization
of n-th differential modules and objects in C[ǫ]. The paper is organized as follows.
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In Section 2, we give some terminology and notations.
Let C be an additive category, and let F : C[ǫ]n → C be the forgetful functor
and T : C → C[ǫ]n the augmenting functor. In Section 3, we first prove that
both pairs (F, T ) and (T, F ) are adjoint pairs (Proposition 3.1). Let (C, E ) be an
idempotent complete exact category, and let EF be the class of pairs of composable
morphisms in C[ǫ]n that become short exact sequences in C via the forgetful functor
F . Then, with the aid of Proposition 3.1, we have that Y is projective (resp.
injective) in (C[ǫ]n, EF ) if and only if Y ∼= T (X) for some projective (resp. injective)
object X of C (Proposition 3.6). These two results are higher analogue of [38,
Propositions 2.1 and 2.7] respectively. In the latter part of this section, we give
two applications of Proposition 3.6. One of them states that for a ring R, a left
R[t]/(tn)-module M is Gorenstein flat if and only if it is Gorenstein flat as a left
R-module (Theorem 3.10). The other states that an Artinian algebra R satisfies
any of the finitistic dimension conjecture, strong Nakayama conjecture, generalized
Nakayama conjecture, Auslander-Gorenstein conjecture, Nakayama conjecture and
Gorenstein symmetry conjecture if and only if R[t]/(tn) satisfies the same conjecture
(Theorem 3.13).
Let C be an exact category with trivial exact structure E t, and let E tF be the
induced exact structure via the forgetful functor F in C[ǫ]n. In Section 4, we prove
that if (C, E t) is an idempotent complete exact category, then (C[ǫ]n, E tF ) is a Frobe-
nius category and its stable category C[ǫ]n is a triangulated category (Proposition
4.2), which coincides with the homotopy category K(C[ǫ]n) (Theorem 4.7).
In Section 5 we introduce the derived category D(A[ǫ]n) of n-th differential ob-
jects for an abelian category A. With mild assumptions on A, we show that both
(Kp(A[ǫ]n),Ka(A[ǫ]n)) and (Ka(A[ǫ]n),Ki(A[ǫ]n) are stable t-structures, where
Kp(A[ǫ]n), Ki(A[ǫ]n) and Ka(A[ǫ]n) are the categories of K-projective, K-injective
and acyclic objects respectively; moreover, these allow us to derive from the quo-
tient functor Q : K(A[ǫ]n) → D(A[ǫ]n) a recollement of triangulated categories
(Theorem 5.11). In particular, if A is an Ab4-category with a compact projective
generator, then D(A[ǫ]n) is a compactly generated triangulated category (Theo-
rem 5.17).
2. Preliminaries
Let C be an additive category and n > 2 a fixed positive integer. An n-th
differential object of C is a pair (X, ǫX), where X ∈ obC and ǫX ∈ EndC(X)
satisfying ǫX
n = 0. Differential objects [38] are exactly 2-nd differential objects.
We define the category C[ǫ]n as follows: The objects of C[ǫ]n are n-th differential
objects, and the set of morphisms from (X, ǫX) to (Y, ǫY ) consists of morphisms
f : X → Y of C satisfying the equality fǫX = ǫY f . The morphisms in C[ǫ]
n are
composed in the same way as the morphisms in C. It is easy to see that C[ǫ]n is
also an additive category.
Let R be a ring, and let ModR be the category of left R-modules and modR
the category of finitely generated left R-modules. Then we have (ModR)[ǫ]n ∼=
Mod(R[t]/(tn)). Indeed, to an object (X, ǫX) ∈ (ModR)[ǫ]
n, associate the left
R[t]/(tn)-module X with
(r0 + r1t+ · · ·+ rn−1t
n−1)x := r0x+ r1ǫX(x) + · · ·+ rn−1ǫX
n−1(x).
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Conversely, given a left R[t]/(tn)-module X , we associate it with an n-th differential
object (X, ǫX) in (ModR)[ǫ]
n where ǫX(x) := tx.
The following definition is cited from [14], see also [30] and [35].
Definition 2.1. Let C be an additive category. A kernel-cokernel pair (i, p) in C
is a pair of composable morphisms A
i
→ B
p
→ C such that i is a kernel of p and p
is a cokernel of i. We shall call i an admissible monic and p an admissible epic.
An exact category (C, E ) is an additive category C with a class E of kernel-cokernel
pairs which is closed under isomorphisms and satisfies the following axioms:
[E0] For all objects C ∈ C, the identity morphism 1C is an admissible monic.
[E0op] For all objects C ∈ C, the identity morphism 1C is an admissible epic.
[E1] The class of admissible monics is closed under compositions.
[E1op] The class of admissible epics is closed under compositions.
[E2] The push-out of an admissible monic along an arbitrary morphism exists
and yields an admissible monic.
[E2op] The pull-back of an admissible epic along an arbitrary morphism exists and
yields an admissible epic.
Elements of E are called short exact sequences.
Let (C, E ) and (C′, E ′) be exact categories. An (additive) functor F : C → C′
is called exact if F (E ) ⊆ E ′. Let Ab be the category of abelian groups with the
canonical exact structure. An object P of an exact category C is called projective
if the represented functor HomC(P,−) : C → Ab is exact. Dually an object I of an
exact category C is called injective if the corepresented functor HomC(−, I) : C →
Ab is exact. An exact category (C, E ) has enough projectives if for any X ∈ ob C
there exists an admissible epic P → X in C with P projective. Dually, (C, E )
has enough injectives if for any X ∈ ob C there exists an admissible monic X → I
in C with I injective. An exact category is Frobenius if it has enough projectives
and injectives and moreover the projectives coincide with the injectives. For a
Frobenius category C, the corresponding stable category C is the category whose
objects are the objects of C and morphisms are given by, for any A,B ∈ ob C,
HomC(A,B) = HomC(A,B)/P (A,B), where P (A,B) is the subgroup of morphisms
A → B that factor through a projective object of C (see [22]). For basic notions
and terminology on triangulated or derived categories we refer to [22] and [43].
3. From C to C[ǫ]n
Let C be an additive category and n > 2. We introduce two functors between
C and C[ǫ]n, which will be used for a complete description of the projective and
injective objects of C[ǫ]n.
(1) The forgetful functor F : C[ǫ]n → C is defined on the objects (X, ǫX) of
C[ǫ]n by F (X, ǫX) = X and on the morphisms f in C[ǫ]
n by F (f) = f .
(2) We define the augmenting functor T : C → C[ǫ]n, which takes an objectX of
C to the object T (X) = (X⊕n, ǫX⊕n) of C[ǫ]
n withX⊕n = X ⊕X ⊕ · · · ⊕X︸ ︷︷ ︸
n
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and
ǫX⊕n :=


0 0 0 · · · 0
1 0 0 · · · 0
0 1 0 · · · 0
...
...
. . .
. . .
...
0 0 · · · 1 0


n×n,
and takes a morphism f in C to the morphism

f 0 · · · 0
0 f · · · 0
...
...
. . .
...
0 0 · · · f


n×n
in C[ǫ]n.
3.1. Two-sided adjoints and the consistency of properties. In this subsec-
tion, we generalize the results about differential objects in [38, Chapter 2] to the
case for higher differential objects.
Proposition 3.1. Both pairs (F, T ) and (T, F ) are adjoint pairs.
Proof. Fix (X, ǫX) ∈ obC[ǫ]
n and Y ∈ ob C.
Firstly we show that (F, T ) is an adjoint pair. To this end, we need to find an
isomorphism φ : HomC(FX, Y ) → HomC[ǫ]n(X,TY ) which is natural in both X
and Y . Given f ∈ HomC(FX, Y ), we define
φ(f) =


fǫX
n−1
fǫX
n−2
...
f

 .
It is easy to verify that φ is well defined. Moreover, let φ−1 : HomC[ǫ]n(X,TY ) →
HomC(FX, Y ) be given by
φ−1(g) = gn for g =


g1
g2
...
gn

 ∈ HomC[ǫ]n(X,TY ).
It is obvious that φ−1φ = 1. On the other hand, since g ∈ HomC[ǫ]n(X,TY ), the
equality ǫY ⊕ng = gǫX implies g1ǫX = 0 and giǫX = gi−1 for any 2 6 i 6 n. Thus
we have
gnǫX
i = gn−1ǫX
i−1 = · · · = gn−i+1ǫX = gn−i
for any 1 6 i 6 n− 1, which implies φφ−1 = 1. Now we will check the naturality
of φ, let α : (X, ǫX) → (X
′, ǫX′) be a morphism in C[ǫ]
n. Then ǫX′α = αǫX . For
any morphism f ∈ HomC(FX
′, Y ), we have
HomC[ǫ]n(α, TY )φ(f) = HomC[ǫ]n(α, TY )(


fǫn−1X′
fǫn−2X′
...
f

)
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=


fǫn−1X′ α
fǫn−2X′ α
...
fα

 =


fαǫn−1X
fαǫn−2X
...
fα

 = φHomC(Fα, Y )(f).
On the other hand, let β : Y → Y ′ be a morphism in C. For any morphism
f ∈ HomC(FX, Y ), we have
HomC[ǫ]n(X,Tβ)φ(f) = HomC[ǫ]n(X,Tβ)(


fǫn−1X
fǫn−2X
...
f

)
=


βfǫn−1X
βfǫn−2X
...
βf

 = φHomC(FX, β)(f).
The arguments above induce the following commutative diagram
HomC(FX
′, Y )
HomC(Fα,Y )//
φ

HomC(FX, Y )
HomC(FX,β)//
φ

HomC(FX, Y
′)
φ

HomC[ǫ]n(X
′, TY )
HomC[ǫ]n (α,TY )// HomC[ǫ]n(X,TY )
HomC[ǫ]n (X,Tβ)// HomC[ǫ]n(X,TY
′).
For any f = (f1, f2, · · · , fn) ∈ HomC[ǫ]n(TY,X), let ψ : HomC[ǫ]n(TY,X) →
HomC(Y, FX) be given by ψ(f) := f1 ∈ HomC(Y, FX). Similarly, we have that
ψ is an isomorphism which is natural in X and Y . So (T, F ) is also an adjoint
pair. 
These two functors F and T defined above are useful in transferring an exact
structure in the initial category C to C[ǫ]n. Let (C, E ) be an exact category, and let
EF be the class of pairs of composable morphisms in C[ǫ]
n that become short exact
sequences in C via the forgetful functor F .
Lemma 3.2. Let (C, E ) be an exact category. Then the following statements hold.
(1) (C[ǫ]n, EF ) is an exact category.
(2) F : C[ǫ]n → C is exact.
(3) T : C → C[ǫ]n is exact.
Proof. (1) Let us first show that EF is a class of kernel-cokernel pairs. Suppose
that A
i
→ B
p
→ C is a pair of morphisms in C[ǫ]n such that (i, p) ∈ EF . Then pi = 0
in C[ǫ]n. Let i′ : A′ → B be a morphism in C[ǫ]n such that pi′ = 0. Since i is the
kernel of p in C, there exists a unique morphism φ ∈ HomC(A
′, A) such that iφ = i′.
Thus
iǫAφ = ǫBiφ = ǫBi
′ = i′ǫA′ = iφǫA′ .
As i is the kernel of p in C, i is left cancelable. So ǫAφ = φǫA′ . It means that φ is a
morphism in C[ǫ]n. Consequently, i is the kernel of p in C[ǫ]n. By a dual argument,
we have that p is the cokernel of i in C[ǫ]n. Furthermore, it is easy to observe that
EF is closed under isomorphisms. Now we turn to show that (C[ǫ]
n, EF ) satisfies all
the axioms of Definition 2.1.
5
Xi Tang and Zhaoyong Huang
It is easy to verify directly that [E0] and [E0op] hold.
[E1] Let i1 : A→ M and i2 : M → B be admissible monics in C[ǫ]
n. Then they
are also admissible monics in C. Set i := i2i1. Since C is an exact category, we have
a short exact sequence
A
i
→ B
p
→ C
in C. Since pǫBi = piǫA = 0 and p is a cokernel of i in C, there exists a morphism
ǫC : C → C such that ǫCp = pǫB. Thus
ǫC
np = ǫC
n−1pǫB = · · · = pǫB
n = 0.
The fact that p is right cancelable implies ǫC
n = 0. So (C, ǫC) is an n-th differential
object and i is an admissible monic in C[ǫ]n.
Dually, we get [E1op].
[E2] Given any f ∈ HomC[ǫ]n(A,A
′) and an admissible monic i ∈ HomC[ǫ]n(A,B).
There exists a push-out diagram
(3.1)
A
i //
f

B
f ′

A′
i′ // B′
in C such that i′ is an admissible monic. Since
i′ǫA′f = i
′fǫA = f
′iǫA = f
′ǫBi,
by the universal property of push-outs in C there exists a unique morphism ǫB′ :
B′ → B′ in C such that ǫB′i
′ = i′ǫA′ and f
′ǫB = ǫB′f
′. Note that
ǫB′
ni′ = ǫB′
n−1i′ǫA′ = · · · = i
′ǫA′
n = 0 and
ǫB′
nf ′ = ǫB′
n−1f ′ǫB = · · · = i
′ǫB
n = 0.
By the universal property of push-outs in C again, ǫB′
n = 0 and thus the dia-
gram (3.1) is a commutative diagram in C[ǫ]n. Next, we shall prove that the dia-
gram (3.1) enjoys the appropriate universal property also in C[ǫ]n. Given (X, ǫX) ∈
obC[ǫ]n and two morphisms u : A′ → X , v : B → X of C[ǫ]n such that uf = vi.
Then there exists a unique morphism w : B′ → X in C such that wi′ = u and
wf ′ = v. Then
(ǫXw − wǫB′)i
′ = ǫXwi
′ − wǫB′ i
′ = ǫXu− wi
′ǫA′ = ǫXu− uǫA′ = 0 and
(ǫXw − wǫB′)f
′ = ǫXwf
′ − wǫB′f
′ = ǫXv − wf
′ǫB = ǫXv − vǫB = 0.
It follows that ǫXw−wǫB′ = 0 by the universal property of push-outs, proving the
existence of the push-out of an admissible monic i along f . The reasoning in [E1]
will ensure that i′ is also an admissible monic.
Dually, we get [E2op].
(2) It follows directly from the definition of the exact structure in C[ǫ]n.
(3) Let
A
i
→ B
p
→ C
6
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be a short exact sequence in C. Applying the functor T to it yields a sequence
(3.2)
A⊕n


i 0 · · · 0
0 i · · · 0
...
...
. . .
...
0 0 · · · i


// B⊕n


p 0 · · · 0
0 p · · · 0
...
...
. . .
...
0 0 · · · p


// C⊕n
in C[ǫ]n. We deduce from [14, Proposition 2.9] that (3.2) is also a short exact
sequence in C[ǫ]n. Therefore T is an exact functor. 
According to [14, 29], an additive category C is called idempotent complete if
every idempotent endomorphism e = e2 of an object X ∈ obC splits, that is, there
exists a factorization
X
π
−→ Y
ι
−→ X
of e with πι = 1Y ; and C is called weakly idempotent complete if every retraction
has a kernel or equivalently every coretraction has a cokernel. In particular, any
abelian category is idempotent complete.
Lemma 3.3. The following statements hold.
(1) If C is weakly idempotent complete, then C[ǫ]n is weakly idempotent com-
plete.
(2) If C is idempotent complete, then C[ǫ]n is idempotent complete.
Proof. (1) Let C be weakly idempotent complete and r : B → C a retraction in
C[ǫ]n. Indeed, r is a retraction in C, then it has a kernel i : A → B in C. Since
rεBi = εCri = 0, there exists a morphism εA : A → A in C such that εBi = iεA.
Because
iεA
n = εBiεA
n−1 = · · · = εB
ni = 0,
we have εA
n = 0 and (A, εA) ∈ obC[ǫ]
n. Now let i′ : A′ → B be a morphism in
C[ǫ]n such that ri′ = 0. Since i is a kernel of r in C, there exists a unique morphism
u : A′ → A in C such that iu = i′. Since
i(εAu− uεA′) = iεAu− iuεA′ = εBiu− i
′εA′ = εBi
′ − εBi
′ = 0,
we have that εAu− uεA′ = 0 and u is a morphism in C[ǫ]
n. So i is also a kernel of
r in C[ǫ]n.
(2) Assume that C is idempotent complete. Let e be an idempotent endomor-
phism of (X, ǫX). Restricting to C, there exists an object Y ∈ obC and morphisms
X
π
−→ Y
ι
−→ X
in C such that ιπ = e and πι = 1Y . Take ǫY = πǫXι. Using ǫXe = eǫX and
ǫX
n = 0, we have ǫY
n = 0. It is straightforward to check that π and ι become
morphisms in C[ǫ]n. 
Next, we turn to study whether C[ǫ]n is closed under direct summands whenever
C enjoys the same property. This is established in the following proposition.
Proposition 3.4. Let C be idempotent complete. Then for any X ∈ obC, the direct
summands of X are in 1-1 correspondence with the direct summands of TX up to
conjugation.
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Proof. By Lemma 3.3 and [14, Definition 6.1], it is enough to prove that the idem-
potents of EndC(X) are in 1-1 correspondence (up to conjugation) with the idem-
potents of EndC[ǫ]n(TX). We define a map θ : EndC(X)→ EndC[ǫ]n(TX) by
f 7→


f 0 · · · 0
0 f · · · 0
...
...
. . .
...
0 0 · · · f

 .
It is an injective map sending idempotents to idempotents. Now given f = (aij) ∈
EndC[ǫ]n(TX), the requirement fǫTX = ǫTXf translates to


a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
a31 a32 a33 · · · a3n
.
.
.
.
.
.
.
.
.
. . .
.
.
.
an1 an2 an3 · · · ann




0 0 0 · · · 0
1 0 0 · · · 0
0 1 0 · · · 0
.
.
.
.
.
.
. . .
. . .
.
.
.
0 0 · · · 1 0


=


a12 a13 · · · a1n 0
a22 a23 · · · a2n 0
a32 a33 · · · a3n 0
.
.
.
.
.
.
. . .
. . .
.
.
.
an2 an3 · · · ann 0


=


0 0 0 · · · 0
a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
.
.
.
.
.
.
.
.
.
. . .
.
.
.
an−1 1 an−1 2 an−1 3 · · · an−1n


=


0 0 0 · · · 0
1 0 0 · · · 0
0 1 0 · · · 0
.
.
.
.
.
.
. . .
. . .
.
.
.
0 0 · · · 1 0




a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
a31 a32 a33 · · · a3n
.
.
.
.
.
.
.
.
.
. . .
.
.
.
an1 an2 an3 · · · ann


.
It follows that aij = 0 for i < j and
a11 = a22 = · · · = ann, a21 = a32 = · · · = ann−1,
a31 = a42 = · · · = ann−2, · · · , an−1 1 = an2.
Furthermore suppose that f is an idempotent of EndC[ǫ]n(TX). Then the equality
f2 = f implies that f = (aij) may has the following form
f =


e 0 0 · · · 0
a e 0 · · · 0
a31 a e · · · 0
...
...
...
. . .
...
an1 an2 an3 · · · e


with e2 = e and ae+ ea = a. Then eae = 0. Let
g1 =


1 0 0 · · · 0
ea− ae 1 0 · · · 0
0 ea− ae 1 · · · 0
...
...
...
. . .
...
0 0 · · · ea− ae 1


.
Then g1 is obviously invertible with
g−11 =


1 0 0 · · · 0
ae− ea 1 0 · · · 0
(ae − ea)2 ae− ea 1 · · · 0
...
...
...
. . .
...
(ae− ea)n−1 (ae − ea)n−2 · · · ae− ea 1


.
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Hence we get
g1fg
−1
1 =


e 0 0 · · · 0
0 e 0 · · · 0
a′31 0 e · · · 0
...
...
...
. . .
...
a′n1 a
′
n2 · · · 0 e


.
Continuing in this way, we may find an automorphism g of EndC[ǫ]n(TX) such that
gfg−1 =


e 0 0 · · · 0
0 e 0 · · · 0
0 0 e · · · 0
...
...
...
. . .
...
0 0 · · · 0 e


.

The following observation is useful in the sequel.
Lemma 3.5. Let (C, E ) be an exact category and (X, ǫX) ∈ ob C[ǫ]
n. Then there
exists two short exact sequences in C[ǫ]n as follows:
(3.3) X ′
i′X−→ TX
p′X−→ X,
where X ′ = X⊕n−1,
i′X =


0 0 · · · −ǫX
0 0 · · · 1
... . .
.
. .
. ...
−ǫX 1 · · · 0
1 0 · · · 0


n×(n−1)
, p′X = (1, ǫX , ǫX
2, · · · , ǫX
n−1),
εX′ =


−ǫX 1 0 · · · 0
−ǫX
2 0 1 · · · 0
...
...
...
. . .
...
−ǫX
n−2 0 0 · · · 1
−ǫX
n−1 0 0 · · · 0


(n−1)×(n−1)
, and
(3.4) X
i′′X−→ TX
p′′X−→ X ′′,
where X ′′ = X⊕n−1,
i′′X =


ǫX
n−1
ǫX
n−2
...
ǫX
1


, p′′X =


0 0 · · · 1 −ǫX
...
... . .
. ...
...
0 1 · · · 0 0
1 −ǫX · · · 0 0


(n−1)×n
,
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εX′′ =


0 1 0 · · · 0
0 0 1 · · · 0
...
...
...
. . .
...
0 0 0 · · · 1
−ǫX
n−1 −ǫX
n−2 −ǫX
n−3 · · · −ǫX


(n−1)×(n−1)
.
Proof. We just prove the existence of (3.3). Clearly (C, EF ) is an exact category by
Lemma 3.2(1). It is routine to check that (X ′, εX′) is an n-th differential object
and (3.3) is a sequence in C[ǫ]n. We also have the following diagram
X ′
i′X //
1X′

TX
h

p′X // X
1X

X ′
i // TX
p=(0,0,···0,1) // X
in C with
i =


1 0 · · · 0
0 1 · · · 0
...
...
. . .
...
0 0 · · · 1
0 0 · · · 0


n×(n−1)
, h =


0 0 · · · 0 1
0 0 · · · 1 ǫX
...
... . .
.
. .
. ...
0 1 · · · ǫX
n−3 ǫX
n−2
1 ǫX · · · ǫX
n−2 ǫX
n−1


n×n
.
Since h is an isomorphism and
X ′
i
−→ TX
p
−→ X
is a short exact sequence in C, we obtain that
X ′
i′X−→ TX
p′X−→ X
is a short exact sequence in C[ǫ]n. 
Now, we are able to describe completely the projective and injective objects of
C[ǫ]n.
Proposition 3.6. Let (C, E ) be an idempotent complete exact category. Then we
have
(1) P is a projective object of (C[ǫ]n, EF ) if and only if P ∼= T (Q) for some
projective object Q of C.
(2) I is an injective object of (C[ǫ]n, EF ) if and only if I ∼= T (E) for some
injective object E of C.
Proof. It follows from Lemmas 3.2 and 3.3 that (C[ǫ]n, EF ) is an idempotent com-
plete exact category.
(1) Let Q be a projective object of C and P ∼= T (Q). Since
HomC[ǫ]n(P,−) ∼= HomC[ǫ]n(T (Q),−) ∼= HomC(Q,F (−))
by Proposition 3.1 and since F is an exact functor by Lemma 3.2(2), P is a pro-
jective object of (C[ǫ]n, EF ). Conversely, let P be a projective object of (C[ǫ]
n, EF ).
Since
HomC(F (P ),−) ∼= HomC[ǫ]n(P, T (−))
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by Proposition 3.1 and since T is an exact functor by Lemma 3.2(3), F (P ) is a
projective object of C. By Lemma 3.5, there exists a short exact sequence
P ′
i′P−→ TF (P )
p′P−→ P
in C[ǫ]n. It splits and P is isomorphic to a direct summand of TF (P ). It follows from
Proposition 3.4 that there exists a projective object Q of C such that P ∼= T (Q).
(2) It is dual to (1). 
3.2. Flat and Gorenstein flat modules. We now use Proposition 3.6 to prove
the following corollary.
Corollary 3.7. Let R be a ring and M ∈ Mod(R[t]/(tn)). Then M is flat in
Mod(R[t]/(tn)) if and only if M ∼= T (N) for some flat module N in ModR.
Proof. If M is flat in Mod(R[t]/(tn)), then M ∼= lim
−→
Pi with {Pi} a family of pro-
jective modules in Mod(R[t]/(tn)). By Proposition 3.6(1), there exists a projective
left R-module Qi such that Pi = T (Qi) for any i. Since the functor T preserves
direct limits, we have
M ∼= lim
−→
Pi ∼= lim
−→
T (Qi) ∼= T (lim
−→
Qi).
As lim
−→
Qi is flat in ModR, the sufficiency follows.
Conversely, if M ∼= T (N) for some flat object N in ModR, then N ∼= lim
−→
Qi with
{Qi} a family of projective modules in ModR. Thus
M ∼= T (N) ∼= T (lim
−→
Qi) ∼= lim
−→
T (Qi).
By Proposition 3.6(1), T (Qi) is projective in Mod(R[t]/(t
n)). So M is flat in
Mod(R[t]/(tn)). 
For any m > 0, recall that a left and right Noetherian ring R is called m-
Gorenstein if the left and right self-injective dimensions of R are at most m, and R
is called Gorenstein if it is m-Gorenstein for some m. For a ring R, we use Cen(R)
to denote the center of R. Recall that a ring R is called an Artin algebra if it is a
finitely generated Cen(R)-module with Cen(R) a commutative Artin ring. Clearly
a ring R is an Artin algebra if and only if it is a finitely generated C-module for
some commutative Artin ring C ([3]).
Corollary 3.8. For any ring R, we have
(1) R is left (resp. right) Noetherian if and only if R[t]/(tn) is left (resp. right)
Noetherian.
(2) For any m > 0, R is m-Gorenstein if and only if R[t]/(tn) is m-Gorenstein.
(3) R is left (resp. right) perfect if and only if R[t]/(tn) is left (resp. right)
perfect.
(4) R is left (resp. right) Artinian if and only if R[t]/(tn) is left (resp. right)
Artinian.
(5) R is an Artin algebra if and only if R[t]/(tn) is an Artin algebra.
(6) R is left (resp. right) coherent if and only if R[t]/(tn) is left (resp. right)
coherent.
Proof. (1) By [9, Theorem 1.1], it suffices to show that any direct sum of injective
modules in ModR is injective if and only if any direct sum of injective modules in
Mod(R[t]/(tn)) is injective.
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LetR be left Noetherian and {Ii}i∈I a family of injective modules in Mod(R[t]/(t
n)).
By Proposition 3.6(2), we have Ii ∼= T (Ei) for some injective module Ei in ModR
for any i ∈ I. By [9, Theorem 1.1], ⊕i∈IEi is injective in ModR. Note that the
functor T preserves direct sums by Proposition 3.1. So
⊕i∈IIi ∼= ⊕i∈IT (Ei) ∼= T (⊕i∈IEi)
is injective by Proposition 3.6(2) again.
Conversely, let R[t]/(tn) be left Noetherian and {Ei}i∈I a family of injective
modules in ModR. Then T (⊕i∈IEi) ∼= ⊕i∈IT (Ei) is injective in Mod(R[t]/(t
n)).
By Proposition 3.1 we have
HomR(−, FT (⊕i∈IEi)) ∼= HomR[ǫ]n(T (−), T (⊕i∈IEi)),
So FT (⊕i∈IEi) is injective in ModR. Furthermore, since F is the forgetful functor,
⊕i∈IEi is injective in ModR.
(2) By (1), we have that R is left and right Noetherian if and only if R[t]/(tn)
is left and right Noetherian. Now using [18, Theorem 12.3.1] and [44, Theorem
3.11(iii)], we get that R is m-Gorenstein if and only if R[t]/(tn) is m-Gorenstein.
(3) We know from [1, Theorem 28.4] that R is left perfect if and only if every flat
left R-module is projective. Assume that R[t]/(tn) is left perfect and M ∈ ModR
is flat. Then T (M) is a flat module in Mod(R[t]/(tn)) by Corollary 3.7. So T (M) is
projective and there exists a projective left R-module Q such that T (M) ∼= T (Q).
Thus FT (M) is projective in ModR, and thereforeM is a projective left R-module.
The converse may be proved similarly.
(4) Note that a ring R is left (resp. right) Artinian if and only if it is left
(resp. right) Noetherian and right (resp. left) perfect (c.f. [8, Theorem P] and [13,
Theorem 6]). Thus the assertion follows from (1) and (3).
(5) It is easy to verify that Cen(R[t]/(tn)) = Cen(R)[t]/(tn). Thus by (4), we
have that Cen(R) is a commutative Artinian ring if and only if Cen(R[t]/(tn))
is a commutative Artinian ring. In addition, we have that R is a finitely gener-
ated Cen(R)-module if and only if R[t]/(tn) is a finitely generated Cen(R[t]/(tn))-
module. The assertion follows.
(6) By [16, Theorem 2.1], R is right coherent if and only if the direct product
of any family of flat left R-modules is flat. Assume that R[t]/(tn) is right coherent
and {Mi}i∈I is a family of flat left R-modules. Since the functor T preserves direct
products, T (
∏
i∈I Mi)
∼=
∏
i∈I T (Mi) is flat. By Corollary 3.7, there exists a flat
left R-modules S such that T (
∏
i∈I Mi)
∼= T (S). Thus
∏
i∈I Mi is also flat as a left
R-module. The converse may be proved similarly. 
Remark 3.9. When we take R in Corollary 3.8(2) to be KQ, that is, the path
algebra over a field K, then KQ is 1-Gorenstein, and so KQ[t]/(t2) is also 1-
Gorenstein. It recovers part of [36, Theorem 2].
We recall from [18, 19] that a left R-module M is called Gorenstein flat if there
exists an exact sequence
F : · · · → F1 → F0 → F
0 → F 1 → · · ·
in ModR with all Fi, F
i flat such that M ∼= Im(F0 → F
0) and E ⊗R F is exact
for any injective right R-module E. Furthermore, the Gorenstein flat dimension
GfdRM of a left R-module M is defined to be inf{n > 0 | there exists an exact
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sequence
0→ Gn → Gn−1 → · · · → G0 →M → 0
in ModR with all Gi Gorenstein flat}. If no such an integer exists, then set
GfdRM =∞. We write (−)
+ := HomZ(−,Q/Z), where Z is the additive group of
integers and Q is the additive group of rational numbers.
Theorem 3.10. Let R be a ring and M ∈ Mod(R[t]/(tn)). Then M is Gorenstein
flat in Mod(R[t]/(tn)) if and only if M is Gorenstein flat in ModR.
Proof. Assume that M is Gorenstein flat in Mod(R[t]/(tn)). Then there exists an
exact sequence
(3.5) F : · · · → F1 → F0 → F
0 → F 1 → · · ·
in Mod(R[t]/(tn)) with all Fi, F
i flat such that M ∼= Im(F0 → F
0) and I ⊗R[t]/(tn)
F is exact for any injective right R[t]/(tn)-module I. Indeed, (3.5) is an exact
sequence of flat left R-modules by Corollary 3.7. Let E be an injective right R-
module. Then T (E) is injective right R[t]/(tn)-module by Proposition 3.6(2). So
T (E)⊗R[t]/(tn) F and (T (E)⊗R[t]/(tn) F)
+ are exact. By the adjoint isomorphism
theorem, HomR[t]/(tn)(F, T (E)
+), and hence HomR[t]/(tn)(F, T (E
+)), is exact. It
follows from [44, Proposition 3.3] that HomR(F, E
+) is exact. By the adjoint
isomorphism theorem again, (E ⊗R F)
+ and E ⊗R F are exact. Consequently, we
conclude that M is Gorenstein flat as a left R-module.
Conversely, assume that M is Gorensten flat in ModR and E is any injective
right R-module. Then there exists an exact sequence
F : 0→M
f0
−→ F 0
f1
−→ F 1 → · · ·
in ModR with all F i is flat such that TorR>1(E,M) = 0 and E⊗RF is exact. Since
all modules have flat covers by [12, Theorem 3], there exists an exact sequence
F′ : · · · → F ′1 → F
′
0 →M → 0
in ModR with all F ′i flat such that HomR(Q,F
′) is exact for any flat left R-module
Q. Notice that E ⊗R F
′, and hence (E ⊗R F
′)+, is exact, so HomR(F
′, E+) is
also exact by the adjoint isomorphism theorem. Then we deduce from [44, Lemma
3.7(ii)] that there exists an exact sequence
S : · · · → S1 → S0 →M → 0
in Mod(R[t]/(tn)) with all Si flat such that HomR[t]/(tn)(S, T (E)
+) is exact. By
Proposition 3.6(2), HomR[t]/(tn)(S, I
+) is exact for any injective right R[t]/(tn)-
module I. By the adjoint isomorphism theorem, we have that (I⊗R[t]/(tn)S)
+, and
hence I ⊗R[t]/(tn) S, is also exact. It yields Tor
R[t]/(tn)
>1 (I,M) = 0 for any injective
right R[t]/(tn)-module I.
On the other hand, there exists an exact sequence
(3.6)
0 // M


f0ǫM
n−1
...
f0ǫM
f0


// TF0 // X // 0
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in Mod(R[t]/(tn)). Since E ⊗R F is exact, any morphism in ModR from M to
E+ can be extended to F0. Also it is easy to verify that any morphism in ModR
from M to E+ can be extended to TF0. Hence we have Tor
R
>1(E,X) = 0 and
HomR[t]/(tn)((3.6), T (E)
+) is exact by [44, Lemma 3.2]. Since M is Gorenstein
flat in ModR, X has finite Gorenstein flat dimension. Because the subcategory
of ModR consisting of Gorenstein flat modules is closed under extensions by [37,
Theorem 3.11], it follows from [11, Theorem 2.8] that X is Gorenstein flat in ModR.
Repeating this process, we may construct an exact sequence
F′′ : 0→ X → F ′′0 → F
′′
1 → · · ·
in Mod(R[t]/(tn)) with all F ′′i flat such that HomR[t]/(tn)(F
′′, T (E)+) is exact for
any injective rightR-moduleE. Consequently,M is Gorenstein flat in Mod(R[t]/(tn)).

If R is a commutative Noetherian ring, it is derived from [24, Corollary 2.17]
that GfdR[t]/(t2)M = GfdRM for any R-module M . Now, we will generalize this
result to a more general setting by applying Theorem 3.10.
Corollary 3.11. Let R be a ring. Then for any M ∈Mod(R[t]/(tn)), we have
GfdR[t]/(tn)M = GfdRM.
3.3. Homological conjectures.
Lemma 3.12. Let R be a ring and M ∈ ModR. If f :M → E0(M) is the injective
envelope of M in ModR, then T (f) : T (M)→ T (E0(M)) is the injective envelope
of T (M) in Mod(R[t]/(tn)).
Proof. Let f : M → E0(M) be the injective envelope of M in ModR. It follows
from Proposition 3.6 that T (E0(M)) is injective in Mod(R[t]/(tn)). Now let g ∈
HomModR[ǫ]n(T (E
0(M)), T (E0(M)) such that gT (f) = T (f). Since gǫT (E0(M)) =
ǫT (E0(M))g, by the proof of Proposition 3.4, we may assume that g has the following
form
g =


a1 0 0 · · · 0
a2 a1 0 · · · 0
a3 a2 a1 · · · 0
...
...
...
. . .
...
an an−1 an−2 · · · a1


.
The equation gT (f) = T (f) gives that a1f = f . As f is the injective envelope
of M , a1 is an isomorphism. So g is also an isomorphism. It implies that T (f) :
T (M)→ T (E0(M)) is the injective envelope of T (M) in Mod(R[t]/(tn)). 
In the rest of this subsection, R is an Artinian algebra and
(3.7) 0→ RR→ E
0(R)→ E1(R)→ · · · → Ei(R)→ · · ·
is a minimal injective resolution of R in modR. By Lemma 3.12, we immediately
get a minimal injective resolution
(3.8) 0→ T (R)→ T (E0(R))→ T (E1(R))→ · · · → T (Ei(R))→ · · ·
of T (R) in mod(R[t]/(tn)). For a module M ∈ modR, we use pdRM and idRM
to denote the projective and injective dimensions of M respectively. The following
are some long-standing homological conjectures.
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(1) Finitistic Dimension Conjecture (FDC) [8]: fin.dimR := {pdRM | M ∈
modR with pdRM <∞} <∞.
(2) Strong Nakayama Conjecture (SNC) [17]: For any 0 6=M ∈ modR, there
exists n > 0 such that ExtnR(M,R) 6= 0.
(3) Generalied Nakayama Conjecture (GNC) [4]: Any indecomposable injec-
tive module in modR occurs as a direct summand of some Ei(R).
(4) Auslander-Gorenstein Conjecture (AGC) [6]: If R satisfies the Auslander
condition (that is, pdRE
i(R) 6 i for any i > 0), then R is Gorenstein.
(5) Nakayama Conjecture (NC) [33]: If Ei(R) is projective for any i > 0, then
R is self-injective.
(6) Gorenstein Symmetric Conjecture (GSC) [5]: idRR < ∞ if and only if
idRop R <∞ (equivalently, idRR = idRop R by [46, Lemma A]).
Auslander and Reiten posed many conjectures, but they did not name the fourth
conjecture above. For the sake of avoiding confusion and convenience, we name it as
Auslander-Gorenstein Conjecture. In general, we have the following implications:
FDC +3

SNC +3 GNC +3 AGC +3 NC
GSC.
By [5, Proposition 6.10] and [45, Theorem 3.4.3], we have FDC ⇒ GSC and
FDC ⇒ SNC ⇒ GNC respectively. It is easy to see that NC is a special case
of AGC. Assume that R satisfies the Auslander condition. Let {Q1, · · · , Qs} be
a complete set of non-isomorphic indecomposable injective modules in modR. If
R satisfies GNC, then each Qi occurs as a direct summand of some E
ti(R). Set
m := max{t1, · · · , ts}. Then pdRQi ≤ m for any 1 6 i 6 s. Thus the projective
dimension of any injective module in modR is at most m. It follows that the
injective dimension of any projective module in modRop is also at most m, in
particular, idRop R 6 m. So R is m-Gorenstein by [6, Corollary 5.5(b)]. This
proves GNC⇒ AGC.
Theorem 3.13.
(1) R satisfies FDC if and only if R[t]/(tn) satisfies FDC.
(2) R satisfies SNC if and only if R[t]/(tn) satisfies SNC.
(3) R satisfies GNC if and only if R[t]/(tn) satisfies GNC.
(4) R satisfies AGC if and only if R[t]/(tn) satisfies AGC.
(5) R satisfies NC if and only if R[t]/(tn) satisfies NC.
(6) R satisfies GSC if and only if R[t]/(tn) satisfies GSC.
Proof. Note that R[t]/(tn) as a left R[t]/(tn)-module is isomorphic to the projective
object T (R) in Mod(R[t]/(tn)). By Corollary 3.8(5), we have that R is an Artinian
algebra if and only if so is R[t]/(tn). In addition, we always treat a left R[t]/(tn)-
module A as an n-th differential object (A, ǫA).
(1) Suppose thatR satisfies FDC and fin.dimR = n(<∞). Let A ∈ mod(R[t]/(tn))
with pdR[t]/(tn)A <∞. By Proposition 3.6, we have the following projective reso-
lution
0→ T (Pm)→ · · · → T (P1)→ T (P0)→ (A, ǫA)→ 0
of (A, ǫA) in mod(R[t]/(t
n)) such that each Pi is projective left R-module. Indeed,
the above resolution is also a projective resolution of A as a left R-module. Thus
we have m 6 n and fin.dimR[t]/(tn) 6 n.
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Conversely, suppose that R[t]/(tn) satisfies FDC and fin.dimR[t]/(tn) = n(<
∞). Let A ∈ modR with pdR A <∞. Thus there exists a projective resolution
0→ Pm → · · · → P1 → P0 → A→ 0
of A in modR. Applying the exact functor T to it yields a projective resolution
0→ T (Pm)→ · · · → T (P1)→ T (P0)→ T (A)→ 0
of T (A) in mod(R[t]/(tn)). Thus we have m 6 n and fin.dimR 6 n.
(2) Suppose that R satisfies SNC. Let 0 6= A ∈ mod(R[t]/(tn)). Then there
exists n > 0 such that ExtnR(A,R) 6= 0. If n > 1, then by [44, Theorem 3.9], we
have ExtnR[t]/(tn)(A,R[t]/(t
n)) 6= 0. If n = 0, then there exists 0 6= f ∈ HomR(A,R).
Thus
0 6=


fǫn−1A
...
fǫA
f

 ∈ HomModR[ǫ]n(A, TR)
and HomR[t]/(tn)(A,R[t]/(t
n)) 6= 0.
Conversely, suppose that R[t]/(tn) satisfies SNC. Let 0 6= A ∈ modR. Then 0 6=
T (A) ∈ mod(R[t]/(tn)) and there exists n > 0 such that ExtnR[t]/(tn)(T (A), R[t]/(t
n))
6= 0. If n > 1, then by [44, Theorem 3.9], we have ExtnR(A,R) 6= 0. For the case
n = 0, it is trivial that HomR(A,R) 6= 0.
(3) Suppose that R satisfies GNC. Let I be an indecomposable injective left
R[t]/(tn)-module. Then I ∼= T (E) for some indecomposable injective left R-module
E by Proposition 3.6. Since E is isomorphic to a direct summand of some Ei(R)
by assumption, we have that T (E) is isomorphic to a direct summand of T (Ei(R)).
Conversely, suppose that R[t]/(tn) satisfies GNC. Let E be an indecomposable
injective left R-module. Then T (E) is an indecomposable injective left R[t]/(tn)-
module. Since T (E) is isomorphic to a direct summand of some T (Ei(R)) by
assumption, we have that E is isomorphic to a direct summand of Ei(R).
(4) Suppose that R satisfies AGC. If pdR[t]/(tn) T (E
i(R)) 6 i for any i > 0,
it follows from Proposition 3.6 that pdR T (E
i(R)) 6 i for any i > 0. Hence
pdRE
i(R) 6 i for any i > 0. Since R is Gorenstein by assumption, we have that
R[t]/(tn) is Gorenstein as well by Corollary 3.8(2).
Conversely, suppose that R[t]/(tn) satisfies AGC. If pdRE
i(R) 6 i for any
i > 0, then pdR[t]/(tn) T (E
i(R)) 6 i for any i > 0. Since R[t]/(tn) is Gorenstein by
assumption, we have that R is Gorenstein by Corollary 3.8(2) again.
(5) Suppose thatR satisfiesNC. If T (Ei(R)) is a projective left R[t]/(tn)-module
for any i > 0, then in light of Proposition 3.6(1), we have that Ei(R) is a projective
left R-module for any i > 0. By assumption, R is self-injective. Then R[t]/(tn) is
also self-injective by Corollary 3.8(2).
Conversely, suppose that R[t]/(tn) satisfies NC. If Ei(R) is a projective left R-
module for any i > 0, then T (Ei(R)) is a projective left R[t]/(tn)-module for any
i > 0. By assumption, R[t]/(tn) is self-injective. Then R is also self-injective by
Corollary 3.8(2) again.
(6) It follows directly from Corollary 3.8(2). 
The results from Corollary 3.8 to Theorem 3.13 show that R and R[t]/(tn) have
many homological properties in common. However, it is not always true. For
example, let K be a field. Then the global dimension of K is zero, but K[t]/(tn)
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(where n > 2) is a self-injective Nakayama algebra with infinite global dimension
([2, Chapter V]).
4. Triangulated categories
In this section, we will introduce the homotopy category of C[ǫ]n and study how
this homotopy category is equivalent to the stable category of a Frobenius category.
Lemma 4.1. Let (C, E ) be an idempotent complete exact category. Then (C, E ) is
a Frobenius category if and only if (C[ǫ]n, EF ) is a Frobenius category.
Proof. Let (C, E ) be a Frobenius category and (X, ǫX) ∈ obC[ǫ]
n. By Lemmas
3.2(1) and 3.5, (C[ǫ]n, EF ) is an exact category and there exists an admissible epic
TX
p′X→ X in C[ǫ]n. Since (C, E ) is a Frobenius category, there exists an admissible
epic P
π
→ X in C with P projective. Thus we get an admissible epic T (P )
p′XT (π)−→ X
in C[ǫ]n. It implies that (C[ǫ]n, EF ) has enough projectives. Dually, (C[ǫ]
n, EF )
has enough injectives. Finally, an application of Proposition 3.6 gives that the
projectives and injectives in C[ǫ]n coincide. So (C[ǫ]n, EF ) is a Frobenius category.
Conversely, let (C[ǫ]n, EF ) be a Frobenius category and M ∈ ob C. Then there
exists an admissible epic P
p
→ TM in C[ǫ]n with P projective. It follows from [14,
Lemma 2.7] that there exists an admissible epic TM
π
→ M in C. Thus we get an
admissible epic P
πp
→M in C. It implies that C has enough projectives. Dually, C has
enough injectives. With the aid of Proposition 3.6, we obtain that the projectives
and injectives in C coincide. Therefore C is a Frobenius category. 
When C is a Frobenius category, Happel showed that the stable category C
becomes a triangulated category ([22, Chapter I, Section 2]). In the following, we
always assume that C is an exact category with trivial exact structure E t (that is,
the short exact sequences are split exact sequences) and the induced exact structure
via the forgetful functor F in C[ǫ]n is denoted by E tF , that is, a sequence
0→ A→ B → C → 0
belongs to E tF when it splits in C.
Proposition 4.2. Let (C, E t) be an idempotent complete exact category. Then
(C[ǫ]n, E tF ) is a Frobenius category and C[ǫ]
n is a triangulated category.
Proof. By the definition of E tF , every object in C is both projective and injective.
Thus C is a Frobenius category, and therefore (C[ǫ]n, E tF ) is a Frobenius category by
Lemma 4.1. Moreover we have that C[ǫ]n is a triangulated category by [22, Chapter
I, Section 2]. 
Recall that a model structure on a category C is three subcategories of C called
weak equivalences, cofibrations and fibrations that must satisfy some axioms, see
[25, Definition 1.1.3] for details. Next we recall some notions from [20]. Given an
exact category (C, E ), by a thick subcategory of C we mean a class of objects W
which is closed under direct summands and such that if two out of three of the
terms in a short exact sequence are in W , then so is the third. Suppose that (C, E )
has a model structure. For an object X ∈ C, we say that X is trivial if 0 → X
is a weak equivalence, X is cofibrant if 0 → X is a cofibration, and X is fibrant if
X → 0 is a fibration. Moreover, we say X is trivially cofibrant if it is both trivial
and cofibrant, and X is trivially fibrant if it is both trivial and fibrant.
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Definition 4.3. ([20]) Let (C, E ) be an exact category. An exact model structure
on (C, E ) is a model structure in which each of the following holds.
(1) A map is a (trivial) cofibration if and only if it is an admissible monic with
a (trivially) cofibrant cokernel.
(2) A map is a (trivial) fibration if and only if it is an admissible epic with a
(trivially) fibrant kernel.
The following corollary points out that the Frobenius category (C[ǫ]n, E tF ) has
an exact model structure.
Corollary 4.4. Let (C, E t) be an idempotent complete exact category. Then there
exists an exact model structure on (C[ǫ]n, E tF ) given as follows.
(1) A cofibration (resp. trivial cofibration) is an admissible monomorphism
(resp. with a cokernel projective).
(2) A fibration (resp. trivial fibration) is an admissible epimorphism (resp.
with a kernel injective).
(3) The weak equivalences are then the maps g which factor as g = pi where i
is a trivial cofibration and p is a trivial fibration.
Proof. First of all, it follows from Lemma 3.3 that (C[ǫ]n, E tF ) is an idempotent com-
plete exact category. Since (C[ǫ]n, E tF ) is a Frobenius category by Proposition 4.2,
the classW of all projective (=injective) objects forms a thick subcategory of C[ǫ]n.
It is trivial that (W , C[ǫ]n) and (C[ǫ]n,W) are complete cotorsion pairs. Then the
assertions hold by [20, Theorem 3.3 and Corollary 3.4]. 
Now we are able to give an explicit description of the translation functor Σ in
C[ǫ]n.
Corollary 4.5. Let (C, E t) be an idempotent complete exact category, and let X =
(X, ǫX) and Y = (Y, ǫY ) be objects in C[ǫ]
n. Then we have
(1) ΣX = (X ′′, ǫX′′), where X
′′ = X⊕n−1 and
ǫX′′ =


0 1 0 · · · 0
0 0 1 · · · 0
...
...
...
. . .
...
0 0 0 · · · 1
−ǫX
n−1 −ǫX
n−2 −ǫX
n−3 · · · −ǫX


(n−1)×(n−1)
.
(2) If f : X → Y , then Σf = g, where
g =


f 0 · · · 0
0 f · · · 0
...
...
. . .
...
0 0 · · · f


(n−1)×(n−1)
and the standard triangle associated to f is
X
f
−→ Y
u
−→ Cone(f)
v
−→ ΣX
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with
Cone(f) = Y ⊕X⊕n−1, ǫCone(f) =


ǫY f 0 · · · 0
0 0 1 · · · 0
...
...
...
. . .
...
0 0 0 · · · 1
0 −ǫX
n−1 −ǫX
n−2 · · · −ǫX


n×n
,
u =


1
0
...
0

 , v =


0 1 · · · 0 0
0 0 · · · 0 0
...
...
. . .
...
...
0 0 · · · 0 1


(n−1)×n
.
Proof. (1) In view of Proposition 4.2, C[ǫ]n is a triangulated category. We also
know from Lemma 3.5 that there exists a short exact sequence
X
i′′X−→ TX
p′′X−→ X ′′
in C[ǫ]n. Since C is an exact category with trivial exact structure, every object in
C is injective. By Proposition 3.6(2), we have that TX injective. Then one easily
has ΣX = (X ′′, ǫX′′) by [22, Chapter I, Section 2.2].
(2) For f : X → Y , we have fǫX = ǫY f . Then there exists a commutative
diagram
X
i′′X //
f

TX
h

p′′X // X ′′
g

Y
i′′Y // TY
p′′Y // Y ′′
in C[ǫ]n with
h =


f 0 · · · 0
0 f · · · 0
...
...
. . .
...
0 0 · · · f


n×n
, g =


f 0 · · · 0
0 f · · · 0
...
...
. . .
...
0 0 · · · f


(n−1)×(n−1)
.
So Σf = g. By [22, Chapter I, Section 2.5], the standard triangle is constructed by
the following push-out diagram
X
i′′X //
f

TX
h′

p′′X // ΣX
Y
u // Cone(f)
v // ΣX.
By the proof of Lemma 3.2, it suffices to construct a push-out along with f and i′′X
in C. Take
h′ =


0 0 · · · 0 f
0 0 · · · 1 −ǫX
...
... . .
. ...
...
0 1 · · · 0 0
1 −ǫX · · · 0 0


n×n
: TX → Y ⊕X⊕n−1(= Cone(f))
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in C[ǫ]n. It is easy to see that h′i′′X = uf . Now let M ∈ ob C, α = (α1, α2, · · · , αn) :
TX →M and β : Y →M such that βf = αi′′X . We have to show that there exists
a unique morphism γ = (γ1, γ2, · · · , γn) : Cone(f) → M such that γu = β and
γh = α. Let
γ1 = β, γn = α1, γi = αn−i+1 + αn−iǫX + · · ·+ α1ǫX
n−i
for 2 6 i 6 n− 1. It is the morphism, as desired. 
Definition 4.6. A morphism f : (X, ǫX)→ (Y, ǫY ) in C[ǫ]
n is called null-homotopic
if there exists a morphism s : X → Y in C such that
f = ǫY
n−1s+ ǫY
n−2sǫX + · · ·+ sǫX
n−1.
For morphisms f, g : X → Y in C[ǫ]n, we denote f ∼ g if f − g is null-homotopic.
We denote by K(C[ǫ]n) the homotopy category, that is, the category consisting of
n-th differential objects such that the morphism set between X,Y ∈ K(C[ǫ]n) is
given by HomK(C[ǫ]n)(X,Y ) = HomC[ǫ]n(X,Y )/ ∼.
We close this section with the following theorem.
Theorem 4.7. Let (C, E t) be an idempotent complete exact category. Then the
stable category C[ǫ]n of the Frobenius category (C[ǫ]n, E tF ) is the homotopy category
K(C[ǫ]n).
Proof. It suffices to show that a morphism f : X → Y in C[ǫ]n is null-homotopic if
and only if it factors through a projective object in C[ǫ]n. Assume that f : X → Y
is null-homotopic. By definition, there exists a morphism s : X → Y in C such that
f = ǫY
n−1s+ ǫY
n−2sǫX + · · ·+ sǫX
n−1.
Take
g =


sǫX
n−1
...
sǫX
s

 : X → TY.
Then g is morphism in C[ǫ]n and f = p′Y g. Thus f factors through a projective
object since TY is a projective object of C[ǫ]n. Now suppose that f factors through a
projective object. Then f must factor through TY and thus there exists a morphism
g =


g1
g2
...
gn

 : X → TY
in C[ǫ]n such that
f = p′Y g = g1 + ǫY g2 + · · ·+ ǫY
n−1gn.
Since ǫY ⊕ng = gǫX , we have g1ǫX = 0 and gi+1ǫX = gi for any 1 6 i 6 n− 1. Set
s := gn. It follows that
f = ǫY
n−1s+ ǫY
n−2sǫX + · · ·+ sǫX
n−1
and f is null-homotopic. 
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5. The derived category
In this section, A is an abelian category. We will introduce the derived category
of A[ǫ]n as the Verdier quotient of the homotopy category K(A[ǫ]n) with respect
to quasi-isomorphisms.
A sequence
0→ X → Y → Z → 0
in A[ǫ]n is exact if and only if
0→ FX → FY → FZ → 0
is exact in A. A[ǫ]n also forms an abelian category. The next definition essentially
generalizes the notion of homology used in [38].
Definition 5.1. We call (X, ǫX) ∈ A[ǫ]
n acyclic if
H(r)(X) := Ker ǫX
r/ Im ǫX
n−r = 0
for any 1 6 r 6 n− 1.
By the definition above, one easily see that any object (X⊕n, ǫX⊕n) is acyclic.
Proposition 5.2. Let (X, ǫX), (Y, ǫY ) ∈ A[ǫ]
n and f, g ∈ HomA[ǫ]n(X,Y ). If
f ∼ g, then H(r)(f) = H(r)(g) for any 1 6 r 6 n− 1.
Proof. If f ∼ g, then there exists a morphism s : X → Y such that
f − g = ǫY
n−1s+ ǫY
n−2sǫX + · · ·+ sǫX
n−1.
So for any 1 6 r 6 n− 1, we have
(f − g)(Ker ǫX
r) = ǫY
n−1s(Ker ǫX
r) + ǫY
n−2sǫX(Ker(ǫX
r)) + · · ·
+ǫY
n−r+1sǫX
r−1(Ker ǫX
r).
Thus (f − g)(Ker ǫX
r) ⊆ Im ǫY
n−r, and therefore H(r)(f) = H(r)(g). 
Lemma 5.3. Let
0→ X
f
−→ Y
g
−→ Z → 0
be an exact sequence in A[ǫ]n. Then we have the following exact sequence
· · ·
∂
−→ H(r)(X) −→ H(r)(Y ) −→ H(r)(Z)
∂
−→ H(n−r)(X) −→ H(n−r)(Y ) −→ · · · .
Proof. For any n-th differential object (X, ǫX), we may construct a complex
· · ·
ǫX
n−r
−→ X
ǫX
r
−→ X
ǫX
n−r
−→ · · · .
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Consider the following diagram
...
ǫX
r

...
ǫY
r

...
ǫZ
r

0 // X
f //
ǫX
n−r

Y
ǫY
n−r

g // Z
ǫZ
n−r

// 0
0 // X
f //
ǫX
r

Y
ǫY
r

g // Z
ǫZ
r

// 0
0 // X
f //
ǫX
n−r

Y
ǫY
n−r

g // Z
ǫZ
n−r

// 0
...
...
...
in A. Then the desired exact sequence follows from [43, Theorem 1.3.1]. 
We use Ka(A[ǫ]n) to denote the full subcategory of K(A[ǫ]n) consisting of all
acyclic objects.
Proposition 5.4. Ka(A[ǫ]n) is a thick triangulated subcategory of K(A[ǫ]n).
Proof. By Corollary 4.5, there exists an exact sequence
0→ X → TX → ΣX → 0
in A[ǫ]n. Note that TX is always acyclic. If X is acyclic, then ΣX is also acyclic
by Lemma 5.3. It implies that Ka(A[ǫ]n) is closed under Σ. Dually, Ka(A[ǫ]n) is
closed under Σ−1. Let
X
f
−→ Y
g
−→ Z
h
−→ ΣX
be a triangle in K(A[ǫ]n) with X and Y acyclic. We have to prove that Z is acyclic
as well. By Corollary 4.5, Z ∼= Cone(f) in K(A[ǫ]n). It suffices to show that
Cone(f) is acyclic by Proposition 5.2. Indeed, we have the following commutative
diagram of exact sequences
0 // X
i′′X //
f

TX
h

p′′X // ΣX // 0
0 // Y
g // Cone(f)
h // ΣX // 0
in A[ǫ]n. Then we get an exact sequence
0→ X → Y ⊕ TX → Cone(f)→ 0
in A[ǫ]n. Since TX is acyclic, we obtain that Cone(f) is also acyclic by Lemma 5.3.
Obviously Ka(A[ǫ]n) is closed under direct summands. The proof is finished. 
Definition 5.5.
(1) A morphism f : X → Y of K(A[ǫ]n) is called a quasi-isomorphism if
H(r)(f) : H(r)(X) → H(r)(Y ) is an isomorphism for any 1 6 r 6 n − 1,
or equivalently by Lemma 5.3, Cone(f) is acyclic.
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(2) The derived category of n-differential objects is defined as the quotient
category
D(A[ǫ]
n) := K(A[ǫ]
n)/K
a(A[ǫ]n).
Actually, in view of Definition 4.6, the homotopy category and derived category
of n-differential objects in A[ǫ]n differ from that of complexes in A.
By definition, a morphism in K(A[ǫ]n) is a quasi-isomorphism if and only if it
is an isomorphism in D(A[ǫ]n). Let us present the following definitions in order to
simplify some statements and notations.
Definition 5.6.
(1) We say that X ∈ obK(A[ǫ]n) is K-projective if HomK(A[ǫ]n)(X,Y ) = 0
for any Y ∈ obKa(A[ǫ]n). Dually we say that X ∈ obK(A[ǫ]n) is K-
injective if HomK(A[ǫ]n)(Y,X) = 0 for any Y ∈ obK
a(A[ǫ]n). We denote by
Kp(A[ǫ]n) (resp. Ki(A[ǫ]n)) the full subcategory of K(A[ǫ]n) consisting of
K-projective (resp. K-injective) n-th differential objects.
(2) Assume that A has enough projective and injective objects. A projec-
tive resolution (resp. injective resolution) of X ∈ obK(A[ǫ]n) is a quasi-
isomorphism PX → X (resp. X → IX) with PX ∈ obK
p(A[ǫ]n) and F (PX)
projective (resp. IX ∈ obK
i(A[ǫ]n) and F (IX) injective).
We have the following
Proposition 5.7.
(1) If X is projective (resp. injective) in A, then (X, 0) (resp. (0, X)) is K-
projective (resp. K-injective).
(2) Kp(A[ǫ]n) and Ki(A[ǫ]n) are triangulated subcategories of K(A[ǫ]n).
Proof. (1) Assume that X is projective and (Y, ǫY ) is acyclic. Take f to be a
morphism from (X, 0) to (Y, ǫY ) in A[ǫ]
n. Then we have ǫY f = 0. Since X is
projective and the sequence
Y
ǫY
n−1
−→ Y
ǫY−→ Y
is exact in A, there exists a morphism s : X → Y such that f = ǫY
n−1s. Since
ǫX = 0, we have
f = ǫY
n−1s = ǫY
n−1s+ ǫY
n−2sǫX + · · ·+ sǫX
n−1
and (X, 0) is K-projective. Dually, we get the other assertion.
(2) It is clear that Kp(A[ǫ]n) is closed under isomorphisms and translation. Now
assume that
X → Y → Z → ΣX
is a triangle in K(A[ǫ]n)) with X,Y ∈ obKp(A[ǫ]n). For any M ∈ obKa(A[ǫ]n),
applying the functor HomK(A[ǫ]n))(−,M) yields the following exact sequence
HomK(A[ǫ]n))(ΣX,M)→ HomK(A[ǫ]n))(Z,M)→ HomK(A[ǫ]n))(Y,M).
The end terms vanish by assumption, hence the middle term also vanishes, which
implies that Z is K-projective. We conclude that Kp(A[ǫ]n) is a triangulated
subcategory of K(A[ǫ]n). Dually, Ki(A[ǫ]n) is also a triangulated subcategory of
K(A[ǫ]n). 
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Recall from [34] that an abelian category A is an Ab4-category (resp. Ab4∗-
category) provided that it has an arbitrary coproduct (resp. product) of objects
and the coproduct (resp. product) of monomorphisms (resp., epimorphisms) is
monic (resp. epic). The following lemma is crucial in proving Theorem 5.11.
Lemma 5.8.
(1) If A is an Ab4-category with enough projectives, then any X ∈ obK(A[ǫ]n)
has a projective resolution.
(2) If A is an Ab4∗-category with enough injectives, then any X ∈ obK(A[ǫ]n)
has an injective resolution.
Proof. (1) Let X ∈ obK(A[ǫ]n). Then there exists a sequence
X : · · ·
ǫX−→ X
ǫX−→ X
ǫX−→ · · ·
with ǫX
n = 0. It is a special N -complex in the language of [27]. Then by the proof
of [27, Theorem 3.17], there exists an N -quasi-isomorphism s : P→ X as follows:
P :
s

· · ·
d // P
d //
s

P
d //
s

P
d //
s

· · ·
X : · · ·
ǫX // X
ǫX // X
ǫX // X
ǫX // · · ·
with P ∈ K
p
N (A) and P
i projective in A. Thus (P, d) is an n-th differential object
and s : P → X is a projective resolution of X .
(2) It is dual to (1). 
In order to demonstrate the key result in this section, we also need the following
two definitions.
Definition 5.9. ([32]) Let T be a triangulated category. A pair (U ,V) of full
triangulated subcategories of T is called a stable t-structure in T provided that
HomT (U ,V) = 0 and T = U ∗ V := {t ∈ T | there exists a triangle
u→ t→ v → Σu
with u ∈ U and v ∈ V}.
Definition 5.10. ([10]) We call a diagram
D′
i∗ // D
i!aa
i∗
zz
j∗ // D′′
j∗aa
j!
||
of triangulated categories and functors a recollement if the following conditions are
satisfied.
(1) i∗, j! and j∗ are fully faithful.
(2) (i∗, i∗), (i∗, i
!), (j!, j
∗) and (j∗, j∗) are adjoint pairs.
(3) There exist canonical embeddings Im j! →֒ Ker i
∗, Im i∗ →֒ Ker j
∗ and
Im j∗ →֒ Ker i
!, which are equivalences.
Let R be a ring and K(R) and D(R) its homotopy and derived categories respec-
tively. The kernel of the quotient functor Q : K(R) → D(R) is precisely the full
subcategory Ka(R) of all exact complexes (modulo the chain homotopy relation).
The localization
K
a(R)
i
−→ K(R)
Q
−→ D(R)
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forms the center arrows in the following recollement diagram (see [31, Example
4.14]).
Ka(R)
i // K(R)gg
ww
Q // D(R).gg
ww
Inspired by this result, we will give the main theorem in this section.
Theorem 5.11.
(1) Assume that A is an Ab4-category with enough projectives. Then we have a
stable t-structure (Kp(A[ǫ]n),Ka(A[ǫ]n)) in K(A[ǫ]n) and a triangle equiv-
alence Kp(A[ǫ]n) ≃ D(A[ǫ]n).
(2) Assume that A is an Ab4∗-category with enough injectives. Then we have
a stable t-structure (Ka(A[ǫ]n),Ki(A[ǫ]n) in K(A[ǫ]n) and a triangle equiv-
alence Ki(A[ǫ]n) ≃ D(A[ǫ]n).
(3) Under the assumptions of (1) and (2), there exists a recollement
Ka(A[ǫ]n)
i∗ // K(A[ǫ]n)
i!ii
i∗
uu
j∗ // D(A[ǫ]n)
j∗hh
j!
vv
.
Proof. (1) It follows from Propositions 5.4 and 5.7 that both Kp(A[ǫ]n) and Ka(A[ǫ]n)
are triangulated subcategories of K(A[ǫ]n). On the other hand, by Lemma 5.8(1),
we have
K(A[ǫ]
n) = K
p(A[ǫ]n) ∗K
a(A[ǫ]n).
Hence (Kp(A[ǫ]n),Ka(A[ǫ]n)) is a stable t-structure in K(A[ǫ]n). Furthermore, it
is derived from [28] or [27, Lemma 1.6] that there exists a triangle equivalence
Kp(A[ǫ]n) ≃ D(A[ǫ]n).
(2) It is dual to (1).
(3) By (1) and (2), both (Kp(A[ǫ]n),Ka(A[ǫ]n)) and (Ka(A[ǫ]n),Ki(A[ǫ]n) are
stable t-structures. Now the assertion follows from [26, Proposition 1.8] (also cf.
[32]). 
Remark 5.12. In general D(A[ǫ]n) is not at all easy to understand. Even it is
difficult to calculate the morphisms in the derived category D(A[ǫ]n). However, in
particular cases, since Kp(A[ǫ]n) ≃ D(A[ǫ]n) by Theorem 5.11 and Kp(A[ǫ]n) is a
full subcategory of K(A[ǫ]n), the class of maps between two objects in D(A[ǫ]n)
actually forms a set, and those two triangle equivalences in Theorem 5.11 provide
easier ways to represent morphisms in D(A[ǫ]n).
Corollary 5.13. Assume that A is an Ab4-category with enough projectives. Then
both K(A[ǫ]n) and D(A[ǫ]n) have arbitrary coproducts.
Proof. We first show that K(A[ǫ]n) has arbitrary coproducts. Let {Xi}i∈I be a
family of objects in K(A[ǫ]n) and Y an object in K(A[ǫ]n). By the proof of The-
orem 4.7, we get that a morphism f : X → Y is null-homotopic if and only if it
factors through TY . Then we have the following commutative diagram with exact
rows
HomA[ǫ]n (
∐
i∈I Xi, TY )
//
∼=

HomA[ǫ]n (
∐
i∈I Xi, Y )
//
∼=

HomK(A[ǫ]n)(
∐
i∈I Xi, Y )

// 0
∏
i∈I HomA[ǫ]n (Xi, TY )
// ∏
i∈I HomA[ǫ]n (Xi, Y )
// ∏
i∈I HomA[ǫ]n (Xi, Y )
// 0.
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It implies that
HomK(A[ǫ]n)(
∐
i∈I
Xi, Y ) ∼=
∏
i∈I
HomA[ǫ]n(Xi, Y )
and arbitrary direct sums exist in K(A[ǫ]n).
Next, since Kp(A[ǫ]n) ≃ D(A[ǫ]n) by Theorem 5.11, it suffice to show that
Kp(A[ǫ]n) has arbitrary coproducts. Let {Xi}i∈I ∈ K
p(A[ǫ]n) and Y ∈ Ka(A[ǫ]n).
Since
HomK(A[ǫ]n)(
∐
i∈I
Xi, Y ) ∼=
∏
i∈I
HomK(A[ǫ]n)(Xi, Y ) = 0,
we have
∐
i∈I Xi ∈ K
p(A[ǫ]n). 
Given the fact that for any ring R, the derived category D(ModR) is always
compactly generated. It is natural to ask whether it is possible to get a similar
result for D(A[ǫ]n). To answer this question, firstly let us recall the following
definition.
Definition 5.14. ([41]) Let T be a triangulated category with arbitrary coprod-
ucts. An object C ∈ T is called compact if for any family {Yi}i∈I of objects of T ,
the natural morphism ∐
i∈I
HomT (C, Yi)→ HomT (C,
∐
i∈I
Yi)
is an isomorphism. The category T is said to be compactly generated if there exists
a set C of compact objects satisfying the following property: if X ∈ T such that
HomT (C,X) = 0 for any C ∈ C, then X = 0.
To state the last theorem of this section, we need the following two results.
Lemma 5.15. Let Y ∈ Kp(A[ǫ]n) and f : X → Y be a quasi-isomorphism in
K(A[ǫ]n). Then there exists a morphism g : Y → X in A[ǫ]n such that fg ∼ 1Y .
Proof. Consider the triangle
X
f
−→ Y → Cone(f)→ ΣX
in Kp(A[ǫ]n). Since f is a quasi-isomorphism, Cone(f) is acyclic. By applying the
functor HomK(A[ǫ]n)(Y,−) to this triangle, we get an exact sequence
HomK(A[ǫ]n)(Y,X)
HomK(A[ǫ]n)(Y,f)
−→ HomK(A[ǫ]n)(Y, Y ) −→ HomK(A[ǫ]n)(Y,Cone(f)).
As Y ∈ Kp(A[ǫ]n), we have HomK(A[ǫ]n)(Y,Cone(f)) = 0. Thus there exists a
morphism g : Y → X in A[ǫ]n such that fg ∼ 1Y . 
Proposition 5.16. Assume that A is an Ab4-category with enough projectives.
Then for any X ∈ Kp(A[ǫ]n) and Y ∈ K(A[ǫ]n), there exists an isomorphism of
abelian groups
HomK(A[ǫ]n)(X,Y )
∼= HomD(A[ǫ]n)(X,Y ).
Proof. Consider the canonical map
G : HomK(A[ǫ]n)(X,Y )→ HomD(A[ǫ]n)(X,Y )
defined by G(f) = f/1X . If G(f) = f/1X = 0, then by Lemma 5.8(1), there exists
a roof
X
s
⇐ X ′
0
−→ Y
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such that s is a quasi-isomorphism, which is equivalent to the roof
X
1X⇐ X
f
−→ Y.
Hence we have fs ∼ 0. It follows from Lemma 5.15 that there exists a morphism
g : X → X ′ such that sg ∼ 1X . Thus f ∼ 0. On the other hand, let f/s ∈
HomD(A[ǫ]n)(X,Y ), that is, it has the form
X
s
⇐ Z
f
−→ Y.
By Lemma 5.15 again, there exists a morphism g : X → Z such that sg ∼ 1X .
Then we obtain that f/s = fg/1X = G(fg) and G is an isomorphism. 
We end this section with the following result.
Theorem 5.17. Assume that A is an Ab4-category with a compact projective gen-
erator. Then D(A[ǫ]n) is a compactly generated triangulated category.
Proof. Let G be a compact projective generator in A. Firstly, D(A[ǫ]n) has arbi-
trary coproducts by Corollary 5.13. For any 1 6 i 6 n− 1, we use T i(G) to denote
the n-th differential module (Gi, ǫGi), where
ǫGi :=


0 0 0 · · · 0
1 0 0 · · · 0
0 1 0 · · · 0
...
...
. . .
. . .
...
0 0 · · · 1 0


i×i.
Claim. For any X ∈ K(A[ǫ]n) and 1 6 i 6 n− 1, we have
HomK(A[ǫ]n)(T
i(G), X) ∼= H(i)(HomA(G,X)).
Given f = (f1, f2, · · · , fi) ∈ HomA[ǫ]n(T
i(G), X), we define
θ : HomA[ǫ]n(T
i(G), X)→ H(i)(HomA(G,X))
via θ(f) = f1 + ImHomA(G, ǫ
n−i
X ). Since the equality ǫXf = fǫGi holds, we
immediately get ǫXfi = 0 and ǫXfj = fj+1 for any 1 6 j 6 i− 1. Thus
ǫiXf1 = ǫ
i−1
X f2 = · · · = ǫXfi = 0.
It means that θ is well defined. Let f + ImHomA(G, ǫ
n−i
X ) ∈ H(i)(HomA(G,X)).
Then ǫiXf = 0. Set f1 := f and fj := ǫ
j−1
X f1 for any 2 6 j 6 i. Then
θ(f1, f2, · · · , fi) = f + ImHomA(G, ǫ
n−i
X ), which implies that θ is surjective. If
θ(f) = f1 + ImHomA(G, ǫ
n−i
X ) = 0, then there exists h ∈ HomA(G,X) such that
ǫn−iX h = f1. Set gi := h and s := (0, 0, · · · , gi) : T
i(G)→ X . It is easily seen that
f = ǫn−1X s+ ǫ
n−2
X sǫGi + · · ·+ sǫ
n−1
Gi
and f is null-homotopic. The claim is proved.
By the above claim, we know that T i(G) is K-projective for any 1 6 i 6 n− 1
since G is projective. If X ∈ D(A[ǫ]n) such that HomD(A[ǫ]n)(T
i(G), X) = 0 for
any 1 6 i 6 n− 1. Then it is deduced from Proposition 5.16 that
HomD(A[ǫ]n)(T
i(G), X) ∼= HomK(A[ǫ]n)(T
i(G), X) ∼= H(i)(HomA(G,X)) = 0.
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Since G is a generator, it implies X = 0 in D(A[ǫ]n) by [21, Lemma 3.1]. Let
{Xj}j∈J be a family of objects of D(A[ǫ]
n). Using Proposition 5.16 and the above
claim again, we have
HomD(A[ǫ]n)(T
i(G),
∐
j∈J
Xj) ∼= HomK(A[ǫ]n)(T
i(G),
∐
j∈J
Xj)
∼= H(i)((HomA(G,
∐
j∈J
Xj))
∼=
∐
j∈J
H(i)((HomA(G,Xj) (since G is compact)
∼=
∐
j∈J
HomK(A[ǫ]n)(T
i(G), Xj)
∼=
∐
j∈J
HomD(A[ǫ]n)(T
i(G), Xj).
So T i(R) is a compact object in D(A[ǫ]n), proving the assertion. 
As an immediate consequence of Theorem 5.17, we get the following
Corollary 5.18. D((ModR)[ǫ]n) is a compactly generated triangulated category.
Acknowledgements. This paper was initialed during the first named au-
thor’s visit to Northeastern University from May 2018 to May 2019; he thanks
Alex Martsinkovsky for his hospitality. This research was partially supported by
NSFC (Grant Nos. 11971225, 11571164, 11501144), a Project Funded by the Pri-
ority Academic Program Development of Jiangsu Higher Education Institutions
and NSF of Guangxi Province of China (Grant No. 2016GXNSFAA380151). The
authors thank the referee for the useful comments.
References
[1] F. W. Anderson and K. R. Fuller, Rings and Categories of Modules, Second Edition,
Grad. Texts in Math. 13, Springer-Verlag, New York, 1992.
[2] I. Assem, D. Simson and A. Skowronski, Elements of the Representation Theory of Asso-
ciative Algebras, London Math. Soc. Stud. Texts 65, Cambridge Univ. Press, Cambridge,
2006.
[3] M. Auslander and I. Reiten, Representation theory of Artin algebras III, almost split
sequences, Comm. Algebra 3 (1975), 239–294.
[4] M. Auslander and I. Reiten, On a generalized version of the Nakayama conjecture, Proc.
Amer. Math. Soc. 52 (1975), 69–74.
[5] M. Auslander and I. Reiten, Applications of contravariantly finite subcategories, Adv.
Math. 86 (1991), 111–152.
[6] M. Auslander and I. Reiten, k-Gorenstein algebras and syzygy modules, J. Pure Appl.
Algebra 92 (1994), 1–27.
[7] L. L. Avramov, R. Buchweitz and S. Iyengar, Class and rank of differential modules,
Invent. Math. 169 (2007), 1–35.
[8] H. Bass, Finitistic dimension and a homological generalization of semi-primary rings,
Trans. Amer. Math. Soc. 95 (1960), 466–488.
[9] H. Bass, Injective dimension in Noetherian rings, Trans. Amer. Math. Soc. 102 (1962),
18–29.
[10] A. Beilinson, J. Bernstein and P. Deligne, Faisceaux pervers, Analysis and Topology
on Singular Spaces, I (Luminy, 1981), Aste´risque 100, Soc. Math. France, Paris, 1982,
pp.5–171.
28
Higher differential objects in additive categories
[11] D. Bennis, Rings over which the class of Gorenstein flat modules is closed under exten-
sions, Comm. Algebra 37 (2009), 855–868.
[12] L. Bican, R. El Bashir and E. E. Enochs, All modules have flat covers, Bull. London
Math. Soc. 33 (2001), 385–390.
[13] J. E. Bjo¨rk, Rings satisfying a minimum condition on principal ideals, J. Reine Angew.
Math. 236 (1969), 112–119.
[14] T. Bu¨hler, Exact Categories, Expo. Math. 28 (2010), 1–69.
[15] H. Cartan and S. Eilenberg, Homological Algebra, Princeton Univ. Press, Princeton,
1956.
[16] S. U. Chase, Direct products of modules, Trans. Amer. Math. Soc. 97 (1960), 457–473.
[17] R. R. Colby and K. R. Fuller, A note on the Nakayama Conjecture, Tsukuba J. Math.
14 (1990), 343–352.
[18] E. E. Enochs and O. M. G. Jenda, Relative Homological Algebra, de Gruyter Exp. in
Math. 30, Walter de Gruyter, Berlin, New York, 2000.
[19] E. E. Enochs, O. M. G. Jenda and B. Torrecillas, Gorenstein flat modules, J. Nanjing
Univ., Math. Biq. 10 (1993), 1–9.
[20] J. Gillespie, Model structures on exact categories, J. Pure Appl. Algebra 215 (2011),
2892–2902.
[21] J. Gillespie, The derived category with respect to a generator, Ann. Mat. Pur. Appl. 195
(2016), 371–402.
[22] D. Happel, Triangulated Categories in the Representation Theory of Finite Dimensional
Algebras, London Math. Soc. Lect. Note Ser. 119, Cambridge Univ. Press, Cambridge,
1988.
[23] H. Holm, Gorenstein homological dimensions, J. Pure Appl. Algebra 189 (2004), 167–
193.
[24] H. Holm, P. Jørgensen, Semidualizing modules and related Gorenstein homological di-
mensions, J. Pure Appl. Algebra 205 (2006), 423–445.
[25] M. Hovey, Model Categories, Math. Surv. Mono. 63, Amer. Math. Soc., Providence, RI,
1999.
[26] O. Iyama, K. Kato and J. Miyachi, Recollement of homotopy categories and Cohen-
Macaulay modules, J. K-Theory 8 (2011), 507–542.
[27] O. Iyama, K. Kato and J. Miyachi, Derived categories of N-complexes, J. London Math.
Soc. 96 (2017), 687–716.
[28] P. Jørgensen and K. Kato, Triangulated subcategories of extensions, stable t-structures,
and triangles of recollements, J. Pure Appl. Algebra 219 (2015) 5500–5510.
[29] M. Kashiwara and P. Schapira, Categories and Sheaves, Grundlehren Math. Wiss. (Fun-
damental Principles of Mathematical Sciences) 332, Springer-Verlag, Berlin, 2005.
[30] B. Keller, Chain complexes and stable categories, Manuscripta Math. 67 (1990), 379–417.
[31] H. Krause, Localization theory for triangulated categories, Triangulated Categories, Lon-
don Math. Soc. Lect. Note Ser. 375, Cambridge Univ. Press, Cambridge, 2010, pp.161–
235.
[32] J. Miyachi, Localization of triangulated categories and derived categories, J. Algebra 141
(1991) 463–483.
[33] T. Nakayama, On algebras with complete homology, Abh. Math. Sem. Univ. Hamburg
22 (1958), 300–307.
[34] N. Popescu, Abelian Categories with Applications to Rings and Modules, Academic
Press, London-New York, 1973.
[35] D. Quillen, Higher algebraic K-Theory I, Algebraic K-Theory, I: Higher K-Theories
(Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972), Lect. Notes Math. 341,
Springer-Verlag, Berlin, 1973, pp.85–147.
[36] C. M. Ringel and P. Zhang, Representations of quivers over the algebra of dual numbers,
J. Algebra 475 (2017), 327–360.
[37] J. Sˇaroch, J. Sˇtˇov´ıcˇek, Singular compactness and definability for Σ-cotorsion and Goren-
stein modules, arXiv:1804.09080.
[38] T. Stai, The Ungraded Derived Category, Master’s thesis, Department of Mathematical
Sciences, NTNU, Norway, 2012.
[39] T. Stai, Differential Modules over Quadratic Monomial Algebras, Algebr. Represent.
Theory 20 (2017), 1239–1247.
29
Xi Tang and Zhaoyong Huang
[40] T. Stai, The triangulated hull of periodic complexes, Math. Res. Lett. 25 (2018), 199–236.
[41] J. Sˇtˇov´ıcˇek, Locally well generated homotopy categories of complexes, Doc. Math. 15
(2010), 507–525.
[42] J. Q. Wei, Gorenstein homological theory for differential modules, Proc. Roy. Soc. Ed-
inburgh Sect. A Math. 145 (2015), 639–655.
[43] C. A. Weibel, An introduction to homological algebra, Cambridge Stud. in Adv. Math.
38, Cambridge Univ. Press, Cambridge, 1994.
[44] H. B. Xu, S. L. Yang and H. L. Yao, Gorenstein theory for n-th differential modules,
Period. Math. Hungar. 71 (2015), 112–124.
[45] K. Yamagata, Frobenius algebras, Handbook of Algebra, Vol. 1, Elsevier/North-Holland,
Amsterdam, 1996, pp.841–887.
[46] A. Zaks, Injective dimension of semiprimary rings, J. Algebra 13 (1969) 73–86.
College of Science, Guilin University of Technology, Guilin 541004, Guangxi Province,
P. R. China,
E-mail address: tx5259@sina.com.cn
Department of Mathematics, Nanjing University, Nanjing 210093, Jiangsu Province,
P.R. China
E-mail address: huangzy@nju.edu.cn
URL: http://math.nju.edu.cn/~huangzy/
30
